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Abstract

Matrix transposition is a simple, but an important com-
putational problem. It explores many key issues on data
locality. In this paper, we will design matrix transpo-
sition algorithms on various interconnection networks,
including omega, baseline and hypercube networks.
Since different interconnection networks have their own
architectural characteristics and properties, an algorithm
needs to be tuned in order to be efficiently implemented
on various networks. We use a tensor product based
algebraic theory to design matrix transposition algorithms
on various interconnection networks. This method can be
employed to design other block recursive algorithms. A
major goal of this study is to provide an effective way for
designing VLSI circuits of DSP algorithms.

Keywords: tensor product, block recursive algo-
rithm, matrix transposition, interconnection network,
hypercube, omega network, baseline network, VLSI
circuit design.

1 Introduction

Matrix transposition is a simple, but an important, com-
putational problem. It explores many key issues on
data locality. In general, a matrix is a two-dimensional
data structure which is stored in a one-dimensional com-
puter memory. No mater whether a matrix is stored in
the row-major or column-major order, a simple double-
loop transposition program will perform poorly in modern
computer architecture with memory hierarchy, including
cache memory, external memory, and distributed mem-
ory. Efficient matrix transposition algorithms for different
memory hierarchy have been broadly studied. Eklundh
showed an efficient algorithm which is used to transpose
large matrices [4]. Chatterjee and Sen investigated differ-
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ent algorithms for cache efficient matrix transposition [1].
Kaushik et al. presented efficient transposition algorithms
for large matrices on external memory [15]. Johnsson and
Ho reported an transposition algorithm on an n-cube [14].
Choi, Dongarra, and Walk presented a transposition algo-
rithm on distributed-memory multiprocessors [2].

In this paper, we develop matrix transposition algo-
rithms on various interconnection networks, including
omega [19], baseline [20] and hypercube networks [14].
Due to different interconnection networks have their own
architectural characteristics, an algorithm needs to be
specifically designed in order to be efficiently imple-
mented on a given network [8, 11]. The algorithms ob-
tained in this paper can be used to design distributed-
memory algorithms and VLSI circuits. In VLSI circuit
design, matrix transposition can be implemented using
either an easy, but slow, address decoding scheme or a
difficult, but fast, data flow scheme with interconnection
networks [18]. We will use a tensor product based pro-
gramming methodology to design matrix transposition al-
gorithms. The methodology is also used to design block
recursive algorithms, such as digital signal processing
(DSP) algorithms. Hence, it provides an effective method
for DSP VLSI chip design.

Tensor product, also known as Kronecker product [7],
has been successfully used for designing block recur-
sive algorithms such as fast Fourier transform [12, 13],
Strassen’s matrix multiplication [9, 10], and parallel pre-
fix algorithm [5, 6]. Tensor product formulas can be
directly map to computer programs for parallel, vector,
and distributed-memory multiprocessors [3]. Addition-
ally, tensor product formulas are also suitable for specify-
ing various interconnection networks including direct net-
works and multistage interconnection networks [16, 17].
We will combine tensor product formulation of algorithm
representation and interconnection network specification
to design matrix transposition algorithms on various in-
terconnection networks.

The organization of this paper is as the following. In
Section 2, we give an overview of tensor product oper-



ations and stride permutation which are the major oper-
ations for specifying matrix transposition algorithms. In
Section 3, the tensor product formulation to perform ma-
trix transposition is given. Matrix transposition is ex-
pressed as a stride permutation and is rewritten to tensor
products of other stride permutations. The methodology
of designing matrix transposition algorithms on various
networks is explained in Section 4. Conclusions and fu-
ture work are given in Section 5.

2 Tensor Product Notation

We briefly give an overview of the tensor product theory
and its relevant properties. Also, a special permutation,
stride permutation, is explained. Intuitively, the tensor
product operation is a matrix operation that constructs a

”large” matrix from two ”small” matrices.

Definition 2.1 (Tensor Product) Let A and B be two ma-
trices of size m x n and p x ¢, respectively. The tensor
product of A and B is the block matrix obtained by replac-
ing each element a; ; by a; ; B, i.e., A® Bis an mp x ng

matrix defined as

a(),()Bqu a(),nlequ

A® B =

a'rn—l,OBqu a'rn—l,n—prXq

If the operands are vector bases, say, e;" @ e, the tensor
product is called a tensor basis. According to the defini-
tion of tensor product, tensor basis e;" ® e is equal to
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A tensor product formula can be manipulated using al-
gebraic theorems. Two special forms are often used to
express tensor product formulas of computational algo-
rithms. They are called parallel form and vector form.
Parallel form and vector form are tensor products with the
identity matrix as its first operand and second operand, re-
spectively. Let I,, be the n x n identity matrix and A be a
p x g matrix. The parallel form and vector form are given
as:

A 0 ---
0 A -~ 0
In ®A= . . . ;

o
N
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al,OIn al,OIn al,q—lln
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Usually, a tensor product in parallel form is implemented
as parallel operations of a mutli-processor computer and
a tensor product in vector form is implemented as vector
operations in a vector architecture. In a computational
problem concerning locality issue, parallel form I,, @ A
can be implemented as the application of A to n segments
of successive data elements; vector form A ® I,, can be
implemented as the application of A to n groups of data
elements with fixed stride distance n.

In the tensor product theory, a permutation is often used
to change data access pattern. This permutation is called
stride permutation which rearranges data elements or al-
lows access of data elements with a fixed stride distance.
We define stride permutation as below:

Definition 2.2 (Stride Permutation)

mn m ny — pn m
Lyt(ef' @ ef) = el @el* -

Actually, a stride permutation exchanges the vector
operands of a tensor product. Let X be a vector of length
m and Y be a vector of length n. We have L7 (X ®QY) =
Y ® X. For example,
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Stride permutation can be expressed as a permutation ma-
trix. We illustrate LS as below:
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We list important properties of tensor product op-
erations and stride permutations below without proof.
Note that [/, Fi is denoted as matrix product
Fo_1F,_o--- F1Fy, because matrix product is not com-
mutative.
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3 Matrix Transposition Algorithms

In this section, we will explain matrix transposition and its
correspondence with tensor product operations and stride
permutations. In mathematics, matrix transposition is to
reshape a matrix as placing the rows of a matrix to the
columns of another matrix. In computer science, matrices
are stored in a one-dimensional memory. Matrix trans-
position can be viewed as changing the storage of matrix
elements from the row-major order to the column-major
order, or vice versa. Let matrix A be of size m x n. If
A is stored in a computer memory in the row-major or-
der, the index scheme of element A; ; can be described as
tensor basis ;" @ e = e;i" ;. Similarly, if A is stored
in the column-major order, the index scheme of A; ; can
be described as tensor basis e © ei* = e, ;. Asare-
sult, transposition of an m x n matrix from the row-major
order to the column-major order is expressed as L;"", for

mn m ny — n m
Lyn(el @ e}) = el @ e,

Various matrix transposition algorithms can be de-
signed by manipulating stride permutation L;*". We sum-
marize some algorithms given in [15]. If the the number
of rows and the number of columns are composite num-
bers, say, m = pq and n = rs. The block transposition
algorithm can be expressed as:

L::l’n — L?gTS
- (Ir ® Lzs)s & Iq)(Lf’” ® IqS)
(Lpr ® LE)(Ip ® LI @ ).

This algorithm is divided into four steps. Step 1, I, ®
LI" ® I, rearranges matrix elements from the row-major

order to a block structure order of p x r blocks with ¢s
elements of each block. Step 2, I,,, ® L4*, performs trans-
position of ¢ x s matrix for pr blocks. Step 3, LE" ® I,
transpose a p x r block matrix with each block of ¢s ele-
ments. Step 4, [, ® L?® ® I, converts a block structure
order of » x p blocks with ¢s elements of each block to
the row-major order of the transposed matrix. The result
is exactly the column-major order allocation of the input
matrix.

Consider a 2™ x 2™ matrix. EKlundh’s transposition
algorithm [4] is formulated as:

n—1

L3 = [[Uon-r-1 @ (e ® L3 L3 @ L),
k=0

Eklundh’s algorithm consists of n paths. In each path,
there are 27! steps and two rows of matrix elements in
each step are processed. Appropriate elements of these
two rows are exchanged and then the two rows are stored
back in a different order.

Another matrix transposition algorithm for a 2™ x 2"
matrix is to factor L2." into n times of L2™":

n—1

22n o 2271,
L3 =1] 3"
k=0

This algorithm is exactly to treat tensor basis e?" ® e?" as
€ ®---®e;, ®ef ®e; ®---®eF, ®e3 andto perform

right rotation of e2 n times.

n

In the next section, we will present the design of ma-
trix transposition on various interconnection networks, in-
cluding omega networks, baseline networks, and hyper-
cube networks.

4  Designing Matrix Transposition
Algorithms on Various Networks

We begin with a brief review of representing interconnec-
tion networks in tensor product formulas. We consider
two kinds of networks: multistage interconnection net-
works and direct interconnection networks.

The basic component of a multistage interconnection
network is a switching element of two input lines and two
output lines. A switching element has two states: through
state and cross state as Figure 1. A switching element is
expressed as a 2 x 2 matrix: I, for the through state and
S, for the cross state, where
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In the case when the state of a switching element is
not specified, we use D, to denote the switching element.
A multistage interconnection network of 2™ input/output
lines is a network of n stages with 2"~ switching el-
ements in each stage. Two consecutive stages are con-
nected by a permutation.

The two multistage interconnection networks on which
we are going to design matrix transposition algorithms
are omega networks and baseline networks. They are ex-
pressed as the following tensor product formulas [16]:

omega network :

OV =T[5y (I @ D2)L3)

baseline network :

BN =1} (IQL ® Lg"“') (In-1 ® Dy), and

where N = 2™,

A direct interconnection network is a set of proces-
sors connected by a set of links. We use the input vector
[0,1,---,n — 1] to denote the indices of n processors.
The links are expressed as permutations of processor in-
dices. Hence, we use a set of tensor product of permu-
tation operations to describe direct interconnection net-
works. Note that the cross state operation S is equivalent
to the complement operation of a binary bit. The hyper-
cube network of N (N = 2™) processors is given as be-
low [17]:

hypercube network :
HN = {Ian’ifl ® Sy ® IQi

0<i<n},

where I5n-i-1 ® Sy ® Iy is the links along dimension ¢
of the hypercube network.

4.1 Matrix Transposition on Omega Net-

works

We consider transposition of a 2™ x 2™ matrix. Its transpo-
sition operation is the stride permutation L% To design
a matrix transposition on an omega network is equivalent

Zo Yo Lo Yo

Z1 Y1 1 Y1

through state cross state

Figure 1. Through state and cross state of a switching

element

Figure 2: 4 x 4 matrix transposition on half omega net-

work

to manipulate stride permutation LZ." to fit into the ten-
sor product formula of an omega network. Since there
are 22" matrix elements, we will use an omega network
of 227 input/output lines to implement the transposition
algorithm. First, we note that L2, = [/, L3"" and
L2 = (L&")~'. We derive the matrix transposition al-
gorithm as below:

(L)
= (5 L3
= I, ,(zF")
= [ (3!
= H;Zol ng,:,l )
= [T (Ipens ® L)(L2an_1).

2n
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The above result is exactly the tensor product formula
of the omega network with half number of stages and all
switching elements being set to the through state. That is,
transposition of a 2™ x 2™ matrix can be implemented on
a half omega network. If the half omega network is im-
plemented as a VLSI circuit, the switching elements can
be simply implemented as delay registers and the shuffle
operations are implemented as wire connections. Figure 2
illustrates the half omega network of transposing a 4 x 4
matrix.



4.2 Matrix Transposition on Baseline Net-

works

We also consider transposition of a 2™ x 2™ matrix, L%in.
To design a matrix transposition on a baseline network
is equivalent to manipulate stride permutation L to
fit into the tensor product formula of a baseline net-
work. Since there are 22" matrix elements, we will use
a baseline network of 22" input/output lines to imple-
ment the transposition algorithm. Note that the inter-
stage permutation of the baseline network of size 227 is
I ® L¥"" which is the right rotation of basis 2 for
the 2n — ¢ terms on the right hand-side of the tensor basis
€ ®---Qe Qe ®el  ®-- e ®ej . Letus
introduce a bit- reversal operation R" whrch reverses the
order of the tensor basis e} = ®---® e ®e7 . Thatis,

1

2

fn—1"

R"(e?

. ®...®ei ®e?0) :ei’@ei R---Re
The bit-reversal operation R™ is defined as:

n—1

[[UeLs ).

=0

R" =

To achieve matrix transposition of a 2™ x 2™ matrix, we
first reverse n terms on the right-hand-side of the ten-
sor basis, followed by a partial bit-reversal of the entire
2n terms by performing the first n steps only. We use
notation R™* to denote the first & steps of the n-term
bit-reversal operation. The transposition algorithm of a
2™ x 2™ matrix on the baseline network is derived as be-
low:

L2 = R™n(I;n ® R")
T (b @187
L @ [[12) (I ® L3" )]
g (I @ L3

|
|
r
(Tig (Lo @ L3 )]
|
r
|
[

= Moo (@ L3 )]
I (o 12 )

= HZQ 0 1(127 L2 . 7)([227, 1 ® Io)]
Hznn (127 ® L2 )(122’1*1 ®I2)]

The resulting formula is a modified baseline network of
227 input/output lines with all through states. The modi-
fication is to perform the last n stages first and then fol-
lowed by the first n stages. We illustrate the above algo-
rithm for 4 x 4 matrix transposition in Figure 3.

4.3 Matrix Transposition on Hypercube
Networks

In the design of matrix transposition algorithm on hyper-
cube networks, we must implement stride permutations

L®Ls Lg L1 L Ly
0 0 0 0 0
Tl 2 1 4
2 1 4 8
31 3 5 12
4 4 8 1
51 6 9 5
6 ] 5 1. 9
71 7 13 13
8 ] 8 2 2
91 10 3 6
107 9 6 10
11 11 7 14
12] 12 il 3
131 14 1 7
14 13 1. 1
151 15 15 15 15

Figure 3: 4 x 4 matrix transposition on modified baseline

network

using permutation operations corresponding to the links
of hypercube networks. However, since the links of a hy-
percube is based on bit complement operation So, a stride
permutation cannot be directly implemented as a product
of bit complement operations. That is, a stride permuta-
tion cannot be “directly” implemented on hypercube net-
works.

To solve the problem, we will first implement the ba-
sic stride permutation L3 on a two-dimensional hyper-
cube network using an alternative method. The alternative
method extends the input data and requires temporary data
to achieve stride permutation L3. Let us consider three
matrix operations A, B, and C as below:

DO OoO O OO oo
DO O OO oo
o O oo
_ o O O
S oo
o O oo

SO O OO O+
O OO B O OO

Let operations P and ) be defined as:

(3 0] 02 6]



We rewrite L3 to the formula below:

91 - o
2]

3 {AA+CB o}
- ) ,

Suppose X is a column vector of the four input data
elements [z, 21, x2, w3]7. The input elements are dis-
tributed on four processors indexed from 0 to 3. The
augmented operation of L3 requires eight data elements.
They include the four input elements in addition to an aux-
iliary vector T" representing four temporary data elements
[to,t1,t2,t3]T distributed on four processors. That is,
each processor must allocate one input data element and
one temporary data element. Hence, the input vector to
the augmented operation is [x¢, 1, z2, T3, to, t1, t2, t3] .
Let us apply the augmented operation of L3 to the aug-
mented data vector:

—IC()_ _330_
I I
i) X9
L% 0 I3 . T3
o] e
ty ty
to ta
_t3_ _t3_
—mo_
x1
T2
o S)lE ]l
t1
to
_t3_
_mo_ _300_
0 X9
0 X1
_[0 0] 2 || 0
0 0
0 0
_{L‘I_ _O_

For operation P, since the second column contains all
zero matrices, the initial values of auxiliary vector T' do
not affect the computational result. Thus, the values of
[to,t1,t2,t3]T need not be specified. The application of
P to the augmented vector preserves input data elements
xo and x3, and moves input data elements x5 and x; on
processors 2 and 1 to temporary storage ¢, and ¢3 on pro-
cessor 0 and 3, respectively. This step of data passing
can be carried out by using links Sy ® I, i.e., the links
along dimension 1 of the 2-D hypercube network. The

application of @ to the intermediate result still preserves
input data elements x¢ and x3, and moves x» and x; in the
temporary storage of processors 0 and 3 to the original lo-
cation of z; and x4 in processors 1 and 2, respectively.
This step of data passing can be carried out by using links
I> ® Ss, i.e., the links along dimension 0 of the 2-D hy-
percube network. In fact, implementation of 3 on a 2-D
hypercube requires only two steps of data communication
and two temporary registers as illustrated in Figure 4.

We further design the transposition algorithm of 2" x
2" matrix on hypercube network based on Lj. Let the
elements of 2™ x 2™ matrix be stored in the row-major
order and be distributed to 22" processors. The tensor
basisisgivenase;  ®---®e; Qef @es  ©---Qel ®
e?o. Since L3 exchanges two neighboring terms of the
tensor basis, we design the matrix transposition algorithm
in the following two steps:

1. Factorize L2." into tensor products of L2, and the
identity matrix. This step can be done by applying
Property 12 in Section 2 recursively. Note that L%Z+1
is left-rotation of a tensor basis consisting of n + 1

terms of e2.

2. Achieve left-rotation operation L by exchanging
pairs of two neighboring terms from the most left-
hand-side toward the right.

Formally, we derive the matrix transposition algorithm as
below:

L
= H;L:_Ol (12'7L7i71 39 L%Z+1 [024] IQi)
— 1) (IWH ST (I @ L4® I s1) ® 127,) .

The two iterative matrix products of the above transpo-
sition algorithm correspond two levels to subcube struc-
ture in the 2n dimensional hypercube network. For each
iteration of the outer iterative matrix product, 2"~ sub-
cubes of 27+1 dimensions are utilized. For each iteration
of the inner iterative matrix product, 2"~! 2-D subcubes
are utilized to perform L3 permutation. Finally, we show
4 x 4 matrix transposition on the four dimensional hyper-
cube network. The algorithm is described as:

L’ = (Lo Li®L)(L*® 1) (I, ® L) (I ® L ® I).
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Figure 4: 2 x 2 matrix transposition on two dimensional

hypercube network
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Figure 5: 4 x 4 matrix transposition on hypercube network

We illustrate the steps of data movement in Figure 5.

5 Conclusions and Future Wor k

In this paper, we use tensor product as the framework to
design matrix transposition algorithms on different inter-
connection networks. These networks include omega net-
work, baseline network, and hypercube network. In our
previous research, the interconnection networks can be
represented as matrices. The matrix transposition com-
putation problem is actually a data re-allocation in mem-
ory and can be represented as a stride permutation matrix
applied on a vector of all data in problem matrix. The
key issue is to factorize the stride permutation matrix to a
sequence of matrices such that each term can fit into the
specified network matrix.

The main concern of designing an algorithm to fit into
a specified network is for the ASIC design. The wiring of
a ASIC is similar to the links of interconnection network.
If we design an algorithm to fit into a specified network,

we may also design an similar circuit layout for the com-
putational algorithm. The result of this research is that we
may solve a complex computational problem in a simple
interconnection network or a fewer wires IC. In the future
research, we will try to solve more DSP and image pro-
cessing problems on different interconnection networks.
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